[1] In this study we incorporate the existing concept of fractional mobility into a stochastic framework for modeling the partial transport of mixed-size sediment. The model predicts the fractional transport rates with parameters such as the long-run moving probability, mean particle velocity, and fractional mobility, all varying with the dimensionless effective shear stress. Movement of bed load particles is treated as a random combination of single-step motions described by the pseudo four-state continuous-time Markov process whose long-run moving probability can be evaluated with the instantaneous entrainment probability and ratio of mean single-step holding time. A most updated version of entrainment probability taking into account both the rolling and lifting modes is adopted; the ratio of mean holding time is determined with a physically based relation derived experimentally. Two types of experiments are performed in this study: the colored bed experiments are carried out to observe the fractional mobility and partial transport; the plain bed experiments are conducted to observe the single-step bed load motions and mean particle velocity. The proposed model is widely tested with laboratory and field data pertaining to both partial and full transport conditions, and reasonably good agreement between the predicted and observed results is demonstrated. The model is then applied to evaluate the fractional mobility and explore the influence of sand content. The results reveal that the relation between fractional mobility and dimensionless effective shear stress is well approximated by the cumulative lognormal distribution, with its mean and standard deviation linearly decreasing with sand content for the range <0.34. The results imply that the existence of fine-grained sand in the gravelsand mixture is favorable to the mobilization of sediment. At higher sand content the condition of partial transport exists within a narrower range of flows such that full transport is easier to achieve. The present study is the first to investigate the effect of sand content on the fractional mobility, thus providing new insights into the process of partial transport.
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Introduction
[2] It is well known that the transport of sediment in gravel bed rivers is associated with a condition of partial transport over a range of flows. Within this range, some grains exposed on the bed surface are active (i.e., entrained at least once over the duration of a transport event), while the remaining are immobile McArdell, 1993, 1997] . For example, a recent field study [Haschenburger and Wilcock, 2003] reported that full mobilization of surface grains is not a frequent event and the inactive regions of the bed surface typically persist from year to year. The condition of partial transport is important for modeling the process involving grain sorting or size-selective transport, such as the bed armoring, selective deposition, downstream fining, and flushing of fine-grained sediment from gravel riverbeds [e.g., Parker and Sutherland, 1990; Paola et al., 1992; Hoey and Ferguson, 1994; Wu, 2000; Wu and Chou, 2003b] . Most previous bed load models for mixed-size sediment were developed for the full transport condition (i.e., for flows beyond the limit of partial transport, or for fully mobilized sand riverbeds), some of which were based on the empirical flow-transport relations derived from the laboratory or field studies without noticing the existence of immobile surface grains. Thus applications of these models to the prediction of partially mobilized transport are indeed questionable.
[3] The partial transport model presented by Wilcock [1997] was the first to systematically incorporate the fractional mobility of mixed-size sediment into a quantitative framework. Although some of the model parameters (such as the fractional mobility and reference shear stress) were determined from the limited data then available, lately a series of experiments over a range of flows and sediments have been conducted and led to the modified forms of reference shear stress that incorporate the effect of sand content on the entrainment of mixed-size sediment [Wilcock et al., 2001; Wilcock and Kenworthy, 2002; Wilcock and Crowe, 2003] . However, the fractional mobility was not included in their new data set, thus the effect of sand content on the fractional mobility still remains to be understood. The concept of active layer (also known as exchange, mixing, or surface layer) has been extensively adopted in modeling the transport of sediment mixtures since its first introduction [Hirano, 1971] . The original active layer concept is problematic in that it divided the bed into a discrete active layer and substrate, and assumed no sediment flux across the interface between active layer and substrate. This was modified by Armanini [1995] who proposed a continuum model of vertical exchange, which was further developed by Parker et al. [2000] with the introduction of a probabilistic model. Recently, Wu and Chou [2003b] have used a simplified active two-layer framework to simulate the interactions between surface and subsurface layers, and confirmed the operation of an upward sand flux from subsurface that has only been hypothesized before. On the other hand, Sun and Donahue [2000] presented a bed load model for nonuniform sediment incorporating the stochastic characteristics of sediment transport. Their model, originally developed for the fully mobilized transport, was modified to predict the partial transport by including the fractional mobility as a model parameter. However, the primary drawbacks of their model include the ambiguous use of continuous-and discrete-time Markov processes, and inconsistency involved in the definitions of the parameters. For example, their two-state model was defined by a continuous-time Markov process, but the transition probabilities they used were only suitable for the discrete-time Markov process; the entrainment probability used in their model was for the rolling mode, but their mean particle velocity was solely for the saltation mode. In addition, nearly all of their model parameters were calibrated with only the full transport data, which could potentially lead to discrepancies in the prediction of partial transport.
[4] The aim of this study is to develop a stochastic bed load model applicable to the partially mobilized transport. Stochastic methods have been shown a promising approach to modeling bed load transport [e.g., Einstein, 1950; Paintal, 1971; Wu and Wang, 1998; Sun and Donahue, 2000] . The primary distinction between the stochastic and deterministic bed load models is that the former does not need a critical shear stress (or reference shear stress) as the threshold for sediment entrainment/transport. Rather, researchers using stochastic models tend to believe the existence of a range of thresholds for incipient motion and thus employ the probability of entrainment to incorporate this uncertainty. To date, a variety of entrainment probabilities have been presented, e.g., rolling probability [Sun and Donahue, 2000; Wu and Chou, 2003a] , lifting probability [Einstein, 1942; Cheng and Chiew, 1998; Wu and Lin, 2002] , and sliding probability [Paintal, 1971] . The differences between these probabilities mainly arise from the entrainment mechanism and the random components (such as turbulent fluctuations, sediment property, and bed configuration) that are considered in the mathematical formulation.
[5] In this paper we present a stochastic partial transport model based on the pseudo four-state continuous-time Markov process, eliminating the ambiguousness involved in the two-state model. The proposed model incorporates a most updated version of entrainment probability and a set of parameters derived from an assemblage of new experimental data and existing research results. The proposed model was tested with the laboratory and field data pertaining to both the partial and full transport conditions. The model was further applied to evaluate the fractional mobility using the laboratory and field data observed over a wide range of flows and sediments. The present study is the first to explore the effect of bed sand content on the fractional mobility, thus provides new insights into the process of partial transport.
Simplified Concept of Fractional Mobility
[6] Before we proceed to present stochastic modeling of partial bed load transport, it would be useful to introduce a simplified concept of fractional mobility. For a partially mobilized mixed-size sediment, the mobility of size fraction i, denoted as Y i , is defined as the proportion of active grains in that fraction [Wilcock and McArdell, 1997] . Specifically, partial transport corresponds to a condition 0 < Y i < 1 for at least one size fraction i, whereas full transport means that Y i = 1 for each i. Given the active proportion of each size fraction, it is possible to divide the sediment on the bed into two classes of population, i.e., one includes all the active grains and the other includes all the immobile ones. Since the former consists of all the active grains on the bed, it is hypothesized that for sufficiently long sampling time all these active grains can be collected as bed load. The proportion of fraction i in this active class (i.e., bed load), denoted as p i , can be expressed as
where f i = proportion of fraction i on the bed. For equal mobility of all size fractions (i.e., Y j = a for all j, e.g., a = 1 for the fully mobilized transport), (1) would reduce to p i = f i (given P j f j = 1), indicating that the ratio p i /f i ! 1 as the bed load transport approaches an equally mobilized condition, which is most likely to occur at a state of full transport. However, for unequal mobility of the mixed-size sediment, (1) can be rewritten as
where Y and Y* i = mean mobility of sediment and relative mobility of fraction i on the bed, respectively. The quantitative relations given by (1) and (2) represent a simplified concept of fractional mobility, which is based on an assumption that all the active grains can be collected during a transport event. However, this is not always true because some active grains only move sporadically and thus are unable to reach the sampling location. This assumption is a special case of the general partial transport condition; it is only valid for the continuous (or quasi-continuous) bed load movement.
Stochastic Partial Transport Model

Pseudo Four-State Continuous-Time Markov Process
[7] Many previous observations [e.g., Einstein, 1937; Hubbell and Sayre, 1964] have indicated that the movement of a bed load particle can be viewed as a random combination of two distinct states, i.e., static (or resting) and moving, designated as states 1 and 2, respectively. As depicted in Figure 1 , the time axis is composed of many segments bounded by the single-step points. A single-step motion, either in the static or moving state, takes place between two consecutive single-step points at which the bed load particle has chances to change its motion states. For instance, in our flume studies we have frequently observed that a moving particle strikes an obstacle and ends up with two different results, i.e., the moving particle either stops, changing its state from moving to resting, or continues to move, maintaining its moving state; in the latter case no transition of state occurs. We have also seen that an initially static particle entrained by an instantaneous turbulent burst has a chance to change its state from resting to moving, but turns out to be hampered by surrounding grains and thus no transition of state occurs. These are some typical examples of the singlestep point at which the transition of motion state may occur. Such a two-state stochastic process can be perfectly cast into the framework of a continuous-time Markov chain if the motion states are properly restructured as the following.
[8] According to the definition of a continuous-time Markov process, if the process leaves state m and next enters state n with a probability P mn , then P mn must satisfy P mm = 0 and P n P mn = 1 for all m. If this condition were violated, i.e., P mm 6 ¼ 0, it would become a discrete-time Markov process, which is unsuitable for modeling bed load transport due to the lack of a holding-time component. For the movement of a bed load particle as illustrated in Figure 1 , two types of state transition (i.e., state transitions 1 ! 1 and 2 ! 2) contradict the definition of a continuoustime Markov process. To model the bed load transport with a continuous-time Markov process, here we define two additional motion states, i.e., states 3 and 4, to restructure the random process given in Figure 1 . State 3 is to replace the state 1 that follows a state 1, while state 4 is to replace the state 2 that follows a state 2. Accordingly, the state transitions 1 ! 1 and 2 ! 2 become 1 ! 3 and 2 ! 4, respectively (as shown in Figure 1) . This is what we call 'pseudo four-state' because in fact there are only two motion states, namely, static and moving. With this revision, a direct application of the properties of a continuous-time Markov process is made possible.
[9] The primary merit of using a continuous-time Markov process to model the movement of bed load particles is that the limiting (or long-run) probability of a bed load particle being in the moving state can be readily evaluated with the following equation (derivation see Appendix A):
where P M,i = limiting probability that a bed load particle of fraction i is in the moving state, which can be interpreted as the long-run proportion of time that a bed load particle of fraction i is in the moving state; P E,i = instantaneous probability of particle entrainment (for fraction i); R T,i = T S,i /T M,i = ratio of mean holding time (see section 4.5), where T S,i and T M,i = mean single-step holding time in the static and moving states, respectively (for fraction i). The instantaneous entrainment probability P E,i can be evaluated with the method recently presented by Wu and Chou [2003a] , which is a most updated version of entrainment probability that incorporates the randomness of turbulent fluctuation and bed grain geometry, meanwhile takes into account the rolling and lifting modes of incipient motion, thus offers a more comprehensive estimate of the entrainment probability. Their results are demonstrated in Figure 2 , where it is shown that the entrainment probabilities vary as a function of the dimensionless effective shear stress q 0 i (the definition of q 0 i is given in section 4.2). Rolling and lifting, identified by whether the entrained particle is lifted off the bed, are two independent modes of entrainment [Wu and Chou, 2003a] . The lifting probability P L,i increases monotonously with q 0 i , whereas the rolling probability P R,i increases with q 0 i in the region of q 0 i < 0.15 but then reduces for larger values of q 0 i . The total entrainment probability P E,i (= the sum of rolling and lifting probabilities) is well approximated by the cumulative lognormal distribution of q 0 i , with a mean of 0.240 and standard deviation of 0.268 (R 2 = 0.99), i.e., LN(0.240, 0.268) can be practically incorporated into (3) for evaluating P M,i . It should be noted here that the limiting probability P M,i is a long-run probability of the random process being in the moving state, whereas P E,i is an instantaneous probability of particle entrainment at the single-step points. It should be also mentioned that the single-step holding time in state m, defined as the amount of time a bed load particle spends in state m for a singlestep motion, is a memoryless random variable and must thus be exponentially distributed [see, e.g., Ross, 2000; Nelson, 1995] , which is an underlying assumption that needs to be justified experimentally (see section 4.5).
Formulation of Fractional Transport Rate
[10] Here we present the formulation of fractional transport rate for the partially mobilized mixed-size sediment. To avoid repeating, it is claimed that the formulation presented herein is for grains of fraction i, denoted by a subscript. The number of grains of fraction i per unit bed area can be approximated by f i /D i 2 , where D i = grain diameter of fraction i [Wilcock, 1997] . Multiplying f i /D i 2 by Y i gives the number of active grains per unit area, denoted as N i . If the movement of these active grains follows a continuoustime Markov process, during a sufficiently long transport event, the number of grains staying in the moving state at any moment can be evaluated by N i P M,i , per unit area. These moving particles averagely advance a distance of L i in a time period T M,i , where L i = mean single step length, T M,i = mean single-step holding time in the moving state. As such, the number of grains that can be collected at a sampling section in a time period T M,i is N i P M,i L i per unit width (illustrated in Figure 3 ), which is multiplied by the mass of a grain, m i , and divided by T M,i to yield the unit width mass transport rate, i.e.,
where m i = pD i 3 r s /6, r s = density of sediment. All terms in the brackets of (4) are relevant to fraction i, which include grain diameter, proportion on the bed, fractional mobility, long-run probability in the moving state, and L i /T M,i . This last term is taken to be the mean particle velocity, which is nondimensionalized as
where V p,i is dimensionless mean particle velocity and shown to vary with the dimensionless effective shear stress q 0 i (see section 4.4), r = density of water, g = gravitational acceleration. It is noted that the form of (4) is slightly similar to the previous result obtained by Sun and Donahue [2000] in that they are both proportional to D i , f i , P M,i , and V p,i . However, in their equation, a P M,i /P S,i rather than a P M,i was present, primarily due to that they used binomial distributions to evaluate the mean numbers of particles in the static and moving states, which would undesirably make their predicted value of q bi approach to infinity as q 0 i becomes large and P E,i ! 1. The transport rate predictor given by equation (4) is formulated with the surface-based parameters. In practical applications, however, a correction for the subsurface entrainment of fully mobilized fractions should be incorporated. In addition, the effect of sporadic movement of partially mobilized fractions must be taken into account. These corrections are described below.
Corrected Fractional Transport Rate
[11] The corrected form of the unit width fractional transport rate is given by
All the terms in the brackets of (5) are equivalent to those terms in (4), but here we incorporate a subsurface entrainment factor D i and a partial mobility factor Y i 1.8 to correct for the fully and partially mobilized fractions, respectively.
Correction for Fully Mobilized Fractions
[12] Under the partial transport condition, some finergrained fractions can be fully mobilized while the others are partially mobilized. For those fully mobilized fractions, it is insufficient to count only the surface grains as the source of bed load because the grains in the subsurface layer could be also entrained. The form of equation (4) is likely to underestimate the transport rates of the fully mobilized fractions, thus a subsurface entrainment correction factor D i needs to be introduced. Such a correction factor is related to the exchange depth [Wilcock, 1997] , which varies as a complicated function of bed shear stress and grain size. Nevertheless, a simplified D i can be obtained from the limiting condition of full transport. Laboratory and field Figure 2 . Variations of rolling probability P R,i , lifting probability P L,i , total entrainment probability P E,i , P R,i /P E,i , and P L,i /P E,i with dimensionless effective shear stress. The P E,i and P L,i /P E,i curves can be well approximated by cumulative lognormal distributions LN(0.240, 0.268) and LN(0.259, 0.328), respectively. observations have indicated that the depth of sediment exchange associated with full mobilization of bed surface approaches twice the thickness of surface layer [Wilcock and McArdell, 1997; Haschenburger and Wilcock, 2003 ], implying that two layers (surface and subsurface layers) of fully mobilized fractions could be entrained. For such limiting case, the fractional transport rates predicted by equation (4) should be multiplied by a factor of 2 to account for the effect of two-layer entrainment. It is worth noting that D i = 2 is a simplified correction factor based on an assumption that the surface and subsurface compositions are identical (i.e., vertical sorting is not considered herein), which is used to correct the uniform-type underestimation of the fully mobilized fractional transport rates (see section 5.1). On the other hand, for those finest fully mobilized size fractions, the effective shear stress tends to be underestimated because of the excessively overestimated hiding effect, leading to a nonuniform-type underestimation of the fractional transport rates, the correction factors for these finest fractions are grain-size dependent. A set of D i for these two types of underestimation is given by
where q bj /f j = fractional transport rate predicted with (4) for a fraction j whose Y j = 0.99; q bi /f i = fractional transport rate predicted with (4) for a fraction i whose Y i = 1. This correction for the nonuniform-type underestimations results in an identical value of q bi /f i ( = q bj /f j ) for all the fully mobilized fractions and thus ensures equal mobility (i.e., Y i = 1) of those fractions. Note that the corrections for the nonuniform-type underestimation are required only if the predicted transport rates of the finest size fractions obviously deviate from those of other fully mobilized fractions (see section 5.1). It should be also mentioned that the previous full transport model of Sun and Donahue [2000] achieved a reasonably good agreement with the experimental data without introducing the subsurface entrainment factor, which is not meant to indicate that such a correction is unnecessary. Rather, their fit to the observed data was assured through direct and indirect calibrations of many of the empirical parameters in their model.
Correction for Partially Mobilized Fractions
[13] As we compared the observed fractional transport rates with the predicted results of (4), we found that equation (4) consistently overestimates the transport rates of the partially mobilized fractions, implying that the sporadic grain movement of the partially mobilized fractions must have had a greater effect on the fractional transport rate than expected. To correct this, a possible alternative is to multiply equation (4) by a partial mobility factor. On the basis of an analysis of the laboratory and field data for which the fractional mobility is known (including the data from our own flume studies, BOMC experiments [Wilcock and McArdell, 1997] , and Goodwin Creek [Kuhnle, 1992] ), we obtain a correction factor Y i 1.8 that gives the best fit results to the observations. This correction factor is particularly important for the coarse grains with low fractional mobility. For example, for a typical size fraction with Y i = 0.3, the corrected transport rate is approximately one order lower than the value given by equation (4). In this regard, the partial mobility factor, as compared to D i , seems to have more weight on the model results. As revealed by equation (5), the correction factor Y i 1.8 makes the fractional transport rate proportional to Y i 2.8 overall, which is similar to an independent result of Sun and Donahue [2000] gained by analyzing the partial transport data from East Fork River [Leopold and Emmett, 1977] . Note that the correction factor Y i 1.8 is effective exclusively for the partially mobilized fractions since Y i = 1 exerts no effect upon equation (5).
Determination of Model Parameters
[14] The stochastic partial transport model presented in equation (5) contains several parameters to be determined experimentally, which include two physical parameters, Y i and V p,i , and a stochastic parameter, P M,i (or equivalently R T,i ). These parameters vary as a function of the dimensionless effective shear stress. Details of the experimental study, effective shear stress, and model parameters are described in the subsequent sections.
Experimental Study
[15] The experimental study was conducted in a 40-cmwide 12-m-long tilting flume located at the Hydrotech Research Institute, NTU. A tailgate at the downstream end was used to maintain a quasi-uniform flow in the 3.6-m gravel-sand bed working section at the middle of the flume, downstream of this section was a bed load trap installed in the bottom of the flume. The slope of the flume was adjusted to 1/300. A Hitachi KP-F100C 10-bit digital CCD camera was used to photograph the bed surface or to record the movement of bed load particles in the 1.2-m observation section (middle of the working section), as shown in Figure 4 . The 1300 Â 1030 pixels resolution of the CCD camera enabled us to create pictures suitable for the image analysis. The recording device, interfaced by PIXCI D2X imaging board, was connected to a data logging system with a RAID (Redundant Array of Independent Drives) serving to store an extremely huge amount of motion-picture images taken during a transport event. A floating acrylic plate (sufficiently light such that the flow was not much interfered) was placed on the wavy surface of water to lesson the image distortion [see Drake et al., 1988] .
[16] Two types of experiments, one with the colored bed and the other with the plain bed (both in plane configuration), were carried out to investigate the fractional mobility and movement of bed load particles, respectively. For the former, the experiments were similar to those performed by McArdell [1993, 1997] . The sediment was separated into six size fractions, each painted with a different color. The proportion, grain size, and color of each fraction are listed in Table 1 . The sizes of the grains covered a range between 1.4 and 12.7 mm, with a median size D 50 = 4 mm. The mean specific gravity of the sediment was 2.65. The collected bed load sediment was periodically returned to the flume from the upstream end of the working section (the time interval of this action, ranging from 20 minutes to 3 hours, was dependent upon the bed load transport rate). The partial transport experiments were lasted for sufficient time (see Table 2 ) to reach equilibrium bed load transport (confirmed by the bed load samples) and quasi-steady mobility (confirmed with the time criteria proposed by Wilcock and McArdell [1997] ). The last bed load sample collected before the end of a run was used to evaluate the equilibrium transport rate. For each run, the initial and final states of the bed surface were photographed. Each picture was adjusted to cover an area of 20 Â 30 cm 2 (width by length) due to the desirable resolution. Four pictures were taken to cover the 1.2-m-long observation section. The initial and final images were then analyzed using the XCAP image analysis software (EPIX Inc.), yielding a set of data concerning the fractional mobility (for details, see section 4.3). A total of 7 runs were performed with various flow conditions, which together with the total bed load transport rates, are provided in Table 2 . These flows were all associated with the partial transport condition, no full bed load transport was observed.
[17] For the second type of experiments, a number of grains with different colors were supplied onto the plain gravel-sand bed from the upstream working section. For each run, the movement of the colored grains was recorded with the fixed CCD camera for 3 hours (due to the capacity limit of RAID). A total of 5 runs were performed with different flows, including four corresponding to the partial transport and one at the margin of full transport (see Table 3 ). The digital images were analyzed with the aid of the XCAP software for evaluating the mean particle velocity (for details, see section 4.4). The motion pictures were also reviewed manually for identifying the single-step points of the particle movement, which were then used to estimate the ratio of mean holding time in the static and moving states (for details, see section 4.5).
Effective Shear Stress
[18] To account for the hiding-exposure effect of the mixed-size sediment, an appropriate form of hiding factor is required. Two types of hiding factor are generally available, one is to correct the critical (or reference) shear stress for incipient motion, while the other is to correct the shear stress applied on the sediment particle. Most of the reported hiding factors belonged to the first category [e.g., Bridge and Bennett, 1992; Wu et al., 2000; Shvidchenko et al., 2001; Wilcock and Crowe, 2003] , only several considered the relative size effect on the applied shear stress [e.g., Proffitt and Sutherland, 1983; Misri et al., 1984; Sun and Donahue, 2000] . It is generally accepted that the critical shear stress for the particle coarser than median (or mean) size should be lower than the threshold value corresponding to the equivalent uniform size because the coarser particle is more exposed to the flow, but the critical shear stress for the finer particle should be higher because it is more likely sheltered by the coarse particles. However, this problem can be tackled with a different approach. That is, the effective shear stress applied on the coarser particle should be higher than the shear stress evaluated from the mean roughness, whereas the effective shear stress applied on the finer particle should be smaller than the mean bed shear stress. An entrainment probability that varies as a function of effective shear stress is included in the stochastic bed load model. As such, the effective shear stress described below is used to account for the relative size effect of the mixed-size sediment.
[19] On the basis of a sensitivity analysis, we found that the analyzed data are most sensitive to the following form of dimensionless effective shear stress [Sun and Donahue, 2000] :
where x i = hiding factor of fraction i incorporating the geometric standard deviation of the grain size distribution, s g , and relative size effect,
, where t 0 = mean bed shear stress, g s and g = specific weights of sediment and water, respectively. The bed shear stress t 0 was evaluated with the flow depth and velocity using the depth-averaged logarithmic profile [Wilcock, 1996] :
where U = mean velocity; u* = bed shear velocity = ffiffiffiffiffiffiffiffiffi t 0 =r p ; k = von Karman constant, taken to be 0.4 for clear water; h = flow depth; e = base of the natural logarithms (= 2.718); z 0 = bed roughness length = D 65 /30 [Wilcock and McArdell, 1993] .
Fractional Mobility
[20] The fractional mobility was evaluated by overlapping the initial and final images of the bed surface and identifying the grains that remained immobile. This was done with the aid of blob analysis featured by the XCAP software, which can segment the blobs from the background by the specified target color. The number of blobs can be evaluated by setting the limits on blob width and height for each size fraction. To inspect the accuracy of blob counting, the number of surface grains in each size fraction was evaluated manually with the point counting technique [Wilcock and McArdell, 1993] and used as a basis for comparison. The results indicated that the accuracy for the three coarser fractions (fractions 4 to 6) ranged from 80% to 96%, with a mean of 87%, while the accuracy for the three finer fractions (fractions 1 to 3) ranged from 60% to 86%, with a mean of 74%. The accuracy of blob counting for the coarser grains was acceptable. However, for the finer fractions, the point counting method was used. Because the analysis of fractional mobility needs to identify the immobile grains on the final images, which involves some judgments that are not supported by the software, this task was done manually. Figure 5 is a demonstration of the initial and final images of the bed surface. Shown in Figure 5a is the initial number of blue grains in each grid, while illustrated in Figure 5b is the number of blue grains identified as immobile in each grid. Each image was divided into 4 Â 4 grids for the three coarser fractions, while the image was divided into 8 Â 8 grids for the three finer fractions. The total number of immobile grains divided by the initial number of grains in that fraction yields the proportion of immobile grains. The fractional mobility was then evaluated by subtracting the immobile proportion from unity.
[21] The results of fractional mobility so obtained are given in Table 4 . The mobility generally increased with the Figure 5 . Photographs demonstrating (a) initial and (b) final images of bed surface. Figure 5a shows the initial number of blue grains in each grid, while Figure 5b shows the number of blue grains identified as immobile in each grid. Each picture covers an area of 20 Â 30 cm 2 (width by length).
bed shear stress but decreased with the grain size, which is consistent with the results presented in a previous work [Wilcock and McArdell, 1997] . For example, the mobility of the coarsest fraction was as low as zero in run C-1 (which corresponded to the smallest t 0 of all); however, five fractions exceeded 95% mobility in run C-6 (which corresponded to the largest t 0 of all), with the finer three fractions in full mobility. To quantify this trend, the fractional mobility Y i was plotted against q 0 i , as illustrated in Figure 6 , where it is shown that the variation trend between Y i and q 
Mean Particle Velocity
[22] The movement of individual colored grains was recorded with the sequence capture at a speed of 4 images per second and stored as a video file in the RAID, which was converted to an image file and reviewed manually in search of the usable events. For example, demonstrated in Figure 7 is an event of particle movement usable for the analysis. The picture shows that at a moment a blue-colored grain entered the observation area from the upstream (right side); after a series of continuous movements the target grain moved out of the area. With the function of particle tracking of the XCAP software, the grain trajectory was traced. Given the coordinates of each track point and the time interval between two consecutive points (=0.25 s), five velocity data can be obtained from this event. Through such procedures, we have acquired the mean velocities of various size fractions under five different flows (Table 3) corresponding to a range of q 0 i between 0.03 and 0.1. These velocities were nondimensionalized by ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi r s =r À 1 ð Þ gD i p , which are shown in Figure 8 with a best fit function of q 0 i (R 2 = 0.92) given by
where V R,i = dimensionless mean velocity for fraction i. By extrapolating (9), it is found that V R,i = 0 at q 0 i % 0.01, which is consistent with the results shown in Figure 6 (fractional mobility) and Figure 2 (entrainment probabilities) in that surface grains become immobile for q 0 i < 0.01. During our experiments, we have observed that nearly all the particle movements occurred in the rolling Figure 6 . Relation between fractional mobility and dimensionless effective shear stress (data from run C-1 $ C-7). The variation trend can be represented by a cumulative lognormal distribution LN(0.0287, 0.0082). mode, only very rarely in saltation. These observations can be further confirmed with the entrainment probabilities shown in Figure 2 . For our test range of q 0 i between 0.03 and 0.1, the rolling probability is much greater than the lifting probability; even for q 0 i = 0.1, the rolling probability is greater than twice of the lifting probability. As such, the result presented in (9) may well be used to represent the mean rolling velocities. Moreover, the mean particle velocity is assumed here as a weighted average value of all possible modes, including the sliding, rolling, and saltation. Among which, the sliding mode is less important and often neglected in the analysis [Wu and Chou, 2003a] . Thus, to seek the mean particle velocity, we need an appropriate estimate of the saltation velocity, which is described below.
[23] Many researchers have devoted to the study of saltation velocities [e.g., Bridge and Dominic, 1984; Gordon et al., 1972; Wiberg and Smith, 1985; Sekine and Kikkawa, 1992; Niño et al., 1994; Niño and García, 1998; Lee et al., 2002] . Previous efforts were mostly focused on the single-particle saltation velocities [e.g., Francis, 1973; Abbott and Francis, 1977; Lee and Hsu, 1994; Sun and Donahue, 2000] ; only recently was the continuous saltation process of multiple particles systematically studied [e.g., Lee et al., 2002] , and Figure 8 demonstrates a compilation of these data. It is shown that the saltation velocities of Lee and Hsu [1994] are the highest because their data were measured from the experiments with the single-step saltation of a single particle, hence no energy was lost through the collisions with the bed surface and other particles. However, the saltation velocities of Lee et al. [2002] are much smaller because they were acquired from the continuous saltating process of multiple particles, thus considerable energy was lost through the particle-bed and interparticle collisions. The saltation data of Sun and Donahue [2000] and Niño and García [1998] are consistent and lie between the upper and lower data sets of Lee and Hsu [1994] and Lee et al. [2002] . The data of Francis [1973] and Abbott and Francis [1977] were measured from the experiments of single grains moving over a fixed bed, while the data of Luque and van Beek [1976] were obtained from the low transport rates over a loose bed. The saltation velocities gained by Sun and Donahue [2000] are among the most comprehensive data, covering a widest range of q 0 i between 0.02 and 0.6. On the basis of their data, Sun and Donahue [2000] presented an empirical relation for the mean saltation velocity:
where V S,i = dimensionless saltation velocity for fraction i. Figure 8 shows that the rolling velocities are consistently smaller than the corresponding saltation velocities. With the pure rolling and saltation velocities given by equations (9) and (10), respectively, we can now proceed to evaluate the mean particle velocity by incorporating the entrainment probabilities.
[24] Given the probabilities of entrainment in the rolling and lifting modes (Figure 2 ), we propose that the mean velocity of a bed load particle (for fraction i), denoted as V p,i , is determined by the weighted average of the rolling and saltation velocities, as expressed by
where P L,i /P E,i = proportion of lifting probability in the total entrainment probability (see Figure 2 ), approximated by a cumulative lognormal distribution of q 0 i , i.e., LN(0.259, 0.328), with R 2 = 0.99; and P R,i /P E,i is simply evaluated by 1 À P L,i /P E,i . The mean particle velocity so obtained is illustrated in Figure 8 , where the V p,i curve asymptotically approaches V R,i and V S,i at very small and large values of q 0 i , respectively. Although there are no data available for the rolling velocity at larger values of q 0 i and thus the extrapolation of equation (9) beyond the limit of measurements is subjected to uncertainty, it is found that the rolling probabilities associated with those large values of q 0 i are so small that the extrapolated V R,i does not make significant differences to the results of V p,i . As demonstrated in Figure 8 , the V p,i curve appears to be the frontier of the observed saltation velocities, confirming that saltation velocities are greater than the corresponding mean particle velocities. It is speculated that the gravel saltation data of Niño et al. [1994] are the mean particle velocities (i.e., including saltation and rolling velocities) and thus lie perfectly on the V p,i curve.
Ratio of Mean Holding Time
[25] To evaluate the ratio of mean holding time in static and moving states, the single-step points of the movement of colored grains were identified manually by reviewing the motion pictures. This procedure was repeated by two individuals, aiming to obtain a minimum biased result. The data of single-step holding time were then ranked and used to plot the diagrams of exceeding probability; Figure 9 illustrates some typical examples of such graphs for the static and moving states. As discussed in section 3.1, for a continuous-time Markov process the single-step holding time in state m is an exponentially distributed random variable. Given the mean value of the Figure 8 . Rolling, saltation, and mean particle velocities versus dimensionless effective shear stress. The saltation velocities of Niño et al. [1994] lie perfectly on the V p,i curve.
exponential distribution = 1/v m,i , the exceeding probability for the single-step holding time t can be expressed as exp(Àv m,i t) [see, e.g., Ross, 2000] , where v m,i = mean transition rate in state m (for fraction i). It is revealed in Figure 9 that the exceeding probabilities of the single-step holding time are well fitted by the above exponential form, especially for the moving state (with all values of R 2 > 0.9), confirming the hypothesis that bed load movement can be modeled as a continuous-time Markov process. The single-step holding time is generally much shorter in the moving state than in the static state, which agrees with the observations made by Einstein [1937] . It is also shown that the single-step holding time in the moving state is consistently less than 4 s, with more than 80% of the data <2 s; while the maximum single-step holding time in the static state can exceed 1 minute, with more than half of the data >30 s.
[26] The mean holding time in static state T S,i (=1/v S,i ) and moving state T M,i (=1/v M,i ) can be determined from those best fit mean transition rates v S,i and v M,i as illustrated in Figure 9 . Variations of some mean resting and moving time with q 0 i are shown in Figures 10a and  10b , from which two findings can be acquired. First, under the same bed shear stress, the mean resting time is longer for the smaller grains but shorter for the larger ones (Figure 10a) , which are mainly due to the more hidden (or sheltered) configuration of the smaller grains and more exposed configuration of the larger ones. However, once entrained, the smaller grains can move for a longer period of time than the larger ones (Figure 10b) . In other words, under a given flow the smaller grains are associated with the lower mean transition rates, either from moving to resting or from static to moving. Second, for a size fraction, the mean resting time decreases with the increase of bed shear stress, which is consistent with the results obtained by Niño and García [1998] from the sand saltation experiments (data shown in Figure 10a ). Moreover, Figure 10b demonstrates that the mean moving time also declines with the increase of bed shear stress. The shorter mean resting and moving time associated with the greater value of bed shear stress imply that the transitions of motion state occur more frequently at higher flow intensity.
[27] The decline of T S,i with bed shear stress is more substantial than that of T M,i . According to our data, the percentage of reduction in T S,i is averagely 8% greater than that in T M,i , leading to the results as shown in Figure 10c , where the ratio of mean holding time in static and moving states R T,i , defined as T S,i /T M,i (=v M,i /v S,i ), decreases with the increase of q ranging from 20 to 50 was obtained in the present study, and a best fit curve is given by
Note that (12) is not only intended to fit our partial transport data but also extrapolated beyond the experimental range to match with an empirical curve proposed by Sun and Donahue [2000] based on their full transport data (as shown in Figure 10c ). Their empirical curve was not gained by directly observing the single-step motions but derived through a calibration procedure, with more than 90% of their q 0 i values ranging between 0.1 and 1.3. Our R T,i curve, although based on the partial transport data, agrees reasonably well with their calibrated R T,i curve for the full transport data range. Thus it is believed that equation (12) provides potentially credible estimates of R T,i for both conditions.
Model Tests
[28] Three sets of partial transport data, two from flume experiments and one from field study, were used to test the proposed stochastic model. These data were employed because they contain the information regarding fractional mobility needed for using our model. In addition, three sets of full transport data, two from flume and one from field studies, were used to demonstrate the application of our model to the prediction of fully mobilized transport.
Partial Transport
[29] The fractional transport rates obtained from our colored bed experiments, along with the predicted results, are plotted in Figure 11a against the grain size, where solid and dashed lines represent the observed and predicted values of q bi /f i , respectively, f i = surface proportion of fraction i evaluated with the point counting method (listed in Table 4 ). The overall variation trend of the predicted values is in good agreement with that of the observed data. For a given flow, the fractional transport rate q bi /f i decreases with increase of grain size. This decreasing trend becomes steeper as the bed shear stress is reduced, implying that the difference between the fractional mobility of the finer and coarser grains increases with the decline of bed shear stress (also demonstrated in Table 4 ). As t 0 is raised, the number of fully mobilized fractions increases, thus the decreasing trend of q bi /f i curve becomes milder. As shown in Figure 11a , the model consistently overestimates the transport rates of the finer fractions at two smaller values of t 0 , which appears to indicate the potential limitation of the model in predicting these extremely low transport rates. However, such discrepancies are not of great practical significance because the bed load transport rates associated with the low shear stress are almost negligible.
[30] The proposed model was also tested with a set of data obtained by Wilcock and McArdell [1997] . The bed material used in their BOMC experiments covers a wide range of grain sizes (0.21 -64 mm), and the bed shear stress varies from 2.5 to 7.3 Pa. The results are shown in Figure 11b , where the predicted fractional transport rates are in reasonably good agreement with the observed ones. However, the proposed model invariably underestimates the transport rates of the fully mobilized fractions at the lower shear stress, even though the subsurface entrainment corrections for the uniform-type underestimation have been implemented. As mentioned earlier, for most of the case the compositions of surface and subsurface layers are different, which has great effects on the fully mobilized fractions because release of these fine grains from subsurface takes place actively. The subsurface entrainment correction factor D i = 2 is based on the assumption of identical compositions in the surface and subsurface layers, thus would lead to an underestimation of fractional transport rates if the subsurface layer is composed of a greater amount of fine grains. The discrepancies between the observed and predicted results of this kind are believed to primarily originate from this vertical sorting effect. Such discrepancies could be reduced, as the data regarding subsurface composition and exchange depth become available.
[31] To further test the proposed model with the field data, the fractional transport rates obtained from Goodwin Creek [Kuhnle, 1992] were employed. This set of data contains the fractional transport rates associated with six different flows, with t 0 ranging from 2.17 to 15.98 Pa. The bed sediment was separated into eight fractions, with D i ranging from 0.35 to 45.25 mm. The fractional mobility Y i was not given in the original report, but the relative mobility [Wilcock and McArdell, 1997] ; (c) Goodwin Creek [Kuhnle, 1992] , the predicted results of the original and corrected models are illustrated with the gray and black dashed lines, respectively, evident improvements are demonstrated. of each fraction p i /f i was provided, which was used with (2) to evaluate Y i . As mentioned earlier, equation (2) is based on a hypothesis that all the active grains can be sampled as bed load and thus only provides a first estimate of Y i . The correct method to determine Y i would be using equation (5), as will be discussed in section 6. The predicted and observed fractional transport rates are demonstrated in Figure 11c , where the original predicted results and the corrected ones, given by equations (4) and (5), are illustrated with the gray and black dashed lines, respectively. For three higher values of bed shear stress, it is clearly shown that the original model underestimates the transport rates of the finest size fractions. The improvements are evident after the corrections for the nonuniform-type underestimation (i.e., hiding effect) are implemented. It is noted that a quasi-full transport condition was achieved in Goodwin Creek at the highest flow intensity. For that flow, the q bi /f i curve appears to be horizontal; the corresponding constant value of q bi /f i is shown to approach the total bed load transport rate q b , given that q bi = q b p i and p i /f i ! 1 under the intensive full transport condition (see section 2). Applications of the proposed model to the full transport are further tested in the next subsection.
[32] Demonstrated in Figure 12a is an overall comparison of the predicted and observed results of q bi for the three tested data sets. The agreement between the model results and observations is shown generally good. However, as stated earlier, the overestimation of those extremely low transport rates is clearly demonstrated. Additionally, to compare the present model with more common bed load transport formulas, the predicted results of the ubiquitous Meyer-Peter-Müller (MPM) and Einstein-Brown (EB) equations [Julien, 1998 ] for the BOMC data [Wilcock and McArdell, 1997] are shown in Figure 13 . These two equations consistently overestimate the transport rates of the finer fractions but underestimate those of the coarser ones. The overestimation can be as much as of one order of magnitude, while the underestimation can exceed three orders of magnitude. Such results are reasonable because these equations were based on the bed load data of uniform sediment, thus did not take into account the hiding-exposure effect. At lower shear stress, the predicted results of these two equations are similar, whereas at higher shear stress, the results of MPM equation are smaller than those of EB equation, and more close to the observed data. For a comparison of three surface-based transport models for mixed-size sediment, the readers are referred to Wilcock and Crowe [2003] .
Full Transport
[33] Two sets of experimental data [Samaga et al., 1986; Sun and Donahue, 2000] and one set of field data from East Fork River [Leopold and Emmett, 1977] were used to test the proposed model for the fully mobilized transport. The data of Samaga et al. [1986] include 364 fractional transport rates with high ratios of bed shear stress to critical shear stress (ranging from 3.5 to 10). Four types of sediment were used in their experiments, with D 50 ranging from 0.20 to 0.35 mm and s g < 4. The experiments of Sun and Donahue [2000] were carried out with four sand/gravel mixtures of grains between 0.04 and 9 mm, with D 50 ranging from 0.48 to 0.88 mm and s g < 3.5. A total of 9 experimental runs were performed with the equilibrium transport conditions, yielding 112 fractional transport rates. The East Fork River data include 92 fully-mobilized fractional transport rates for grain sizes between 0.3 and 4.8 mm, with t 0 ranging from 1.7 to 5.4 Pa. Shown in Figure 12b is an overall comparison of the predicted fractional transport rates with the observed ones. As can be seen, the model results are in reasonably good agreement with the measured data. Despite that our model is not developed specifically for the full transport, the results of our model are as good as those of the previous full transport model proposed by Sun and Donahue [2000] , with our R 2 value slightly higher than theirs by 1%. Moreover, similar to the results shown earlier for the partial transport, the present model tends to overestimate those extremely low fractional transport rates also for the full transport condition.
Application to Mobility Assessment
[34] The partial transport model can be used to assess the fractional mobility of mixed-size sediment under a given flow condition. The need for a simple but reasonably accurate method to evaluate the fractional mobility stems from the fact that the active proportion of each fraction is an important parameter in modeling the partial transport of mixed-size sediment but generally difficult to measure. Point counting of the colored bed is a feasible method in the laboratory but impractical in the field, yet partial transport is recently documented in a natural channel using the magnetically tagged gravels [Haschenburger and Wilcock, 2003] . In this section we apply the proposed model to evaluate the fractional mobility using the currently accessible partial transport data. The assessment results are further used to explore the effect of sand content on the grain mobility.
Assessment of Fractional Mobility
[35] The fractional transport formula presented in equation (5) provides a simple means to evaluate the fractional mobility. For a transport event, typically given are the fractional transport rate q bi , surface proportion f i , and bed shear stress t 0 . To use equation (5) for mobility assessment, the long-run moving probability P M,i and mean particle velocity V p,i need to be determined with equations (3) and (11), respectively. In equation (3), the entrainment probability P E,i is evaluated with the cumulative distribution LN(0.240, 0.268) (see section 3.1) and the ratio of mean holding time R T,i is estimated by equation (12) (5) is within the reasonable range and the proposed model may thus be practically applied to the assessment of fractional mobility.
Effect of Sand Content on Grain Mobility
[36] It has been reported that sand content has a direct effect on the entrainment and transport of gravel-sand mixtures [e.g., Wilcock, 1998; Wilcock and Kenworthy, 2002] . Within a range of sand content 0 < f s < 0.4, the entrainment thresholds of the gravel and sand reduce with the increase of f s . Variations of the entrainment thresholds with f s for the two-fraction sediment (i.e., gravel and sand) have been intensively studied [e.g., Wilcock and Kenworthy, 2002; Wilcock and Crowe, 2003] . However, the effect of sand content on the mobility of sediment has not yet been fully investigated due to the major difficulty involved in the assessment of fractional mobility. Here we used the proposed model to evaluate the fractional mobility of sediment mixtures containing various proportions of sand; we also explored the variation of grain mobility with f s . Such a study has been made possible owing to the comprehensive data set recently released by Wilcock et al. [2001] . Their data covered a wide range of transport rates for four sediment mixtures containing the following sand proportions (with the sediment name indicated in the parentheses): 6.2% (J06), 14.9% (J14), 20.6% (J21), and 27% (J27). Two additional field data from East Fork River with f s = 0.59 [Leopold and Emmett, 1977] and Goodwin Creek with f s = 0.34 [Kuhnle, 1992] were also included in the analysis to extend the range of f s . A total of 8 data sets, including our colored bed experimental data with f s = 0.3 (shown in Figure 14 . Relation between fractional mobility and dimensionless effective shear stress (BOMC data of Wilcock and McArdell [1997] ). The best fit cumulative lognormal curves of the calculated and measured fractional mobility are in good agreement. Figure 6 ) and BOMC data [Wilcock and McArdell, 1997] with f s = 0.34 (shown in Figure 14) were analyzed. Herein the size boundary between the sand and gravel was taken to be 2 mm as a common standard [Wilcock et al., 2001] .
[37] The calculated Y i values for each data set along with their best fit lognormal curve are demonstrated in Figure 15 , with the mean m LN , standard deviation s LN , and R 2 values of the cumulative lognormal distributions of all analyzed data sets listed in Table 5 . The R 2 values of these best fit curves range from 0.84 to 0.99, implying that considerably consistent results can be obtained with this approach. As revealed in Figure 15 , the mobility curves follow a sequence with the corresponding f s values decreasing from left to right, larger variations with respect to q i for partial mobility make the condition of full transport easier to achieve, which coincides with the observations that full transport is dominant in most sand bed rivers. Note that both the BOMC and Goodwin Creek data are for a value of f s = 0.34, and that their results of m LN and s LN are very similar (as demonstrated in Figure 16 ), suggesting that the results obtained from the current approach are of reasonable consistency.
[38] Linear variations of m LN and s LN with f s (for 0.06 f s 0.34) are expressed as the following (with R 2 = 0.998 and 0.940, respectively):
For f s > 0.34, m LN and s LN appear to remain constant (see Figure 16 ), which is based on a single data point of East Fork River and thus needs further confirmation with more data. Nonetheless, the results shown in Figure 16 indicate that sand content has a direct influence on grain mobility within a narrow range of f s , which is consistent with previous results concerning the effect of sand content on the entrainment thresholds [e.g., Wilcock and Kenworthy, 2002] . For a specified value of f s , equation (13) can be practically employed to estimate m LN and s LN , and then the resulting cumulative lognormal distribution can be used to Figure 15 . Relation between fractional mobility and dimensionless effective shear stress for data: J06 $ J27, f s = 0.06 $ 0.27 [Wilcock et al., 2001] ; Goodwin Creek, f s = 0.34 [Kuhnle, 1992] ; East Fork River, f s = 0.59 [Leopold and Emmett, 1977] . corresponding to partial mobility can be identified, and the quantitative criteria for distinguishing partial transport from full transport can be established.
Summary and Conclusions
[39] In this paper we present a stochastic framework for modeling partial transport of mixed-size sediment. The proposed relation, as given by (5), predicts the fractional transport rate with the long-run moving probability, mean particle velocity, and fractional mobility, all of which vary as a function of the dimensionless effective shear stress q 0 i . The movement of bed load particles, which is viewed as a random combination of single-step static and moving states, is described by a restructured pseudo four-state continuoustime Markov process. For a continuous-time Markov process, the long-run probability of a bed load particle being in the moving state can be evaluated with the instantaneous entrainment probability and ratio of mean single-step holding time. Herein we adopt a most updated version of entrainment probability that takes into account the rolling and lifting modes of incipient motion and a ratio of mean holding time derived from the present experimental study.
[40] To determine the model parameters, two types of experiments were performed in this study. The first was carried out with the colored bed to observe the fractional mobility and partial bed load transport. The second was conducted with the plain bed to observe the single-step bed load motions and mean particle velocity. The results reveal that the fractional mobility can be approximated by a cumulative lognormal distribution of q 0 i , with its mean and standard deviation affected by the sand content of the sediment mixtures. Given the rolling and lifting probabilities for sediment entrainment, the mean particle velocity can be determined with the weighted average of the rolling and saltation velocities. The results also reveal that the single-step holding time in the moving state is much shorter than that in the static state, both are well fitted by the exponential distributions, which justifies the underlying assumption of the continuous-time Markov process. On the basis of the experimental results, we present in this paper a first physically based relation that predicts the ratio of mean holding time with q 0 i .
[41] The proposed model was tested with the field and laboratory data pertaining to both partial and full transport conditions. The model results are in good agreement with the partial transport data, and also coincide well with the full transport data. The model was then applied to assess the fractional mobility of mixed-size sediment. A variety of laboratory and field data covering a wide range of flows and sediments were used to explore the effect of sand content on the fractional mobility. The relationship between the calculated Y i values and q 0 i is well fitted by the cumulative lognormal distributions, with the values of mean m LN and standard deviation s LN linearly decreasing with f s for f s < 0.34. The results imply that sands act to serve as a lubricant in the sediment mixture. The presence of fine-grained sand in the gravel-sand mixture is beneficial to the mobilization of sediment particles. At higher f s , the condition of partial transport exists within a narrower range of flows. The results reveal that the range of q 0 i corresponding to partial mobility for f s = 0.06 is approximately twice that for f s = 0.34. The condition of full transport is easier to achieve in the presence of more sand, which explains the dominance of the full transport condition in most sand bed rivers. However, for f s > 0.34, the single data appear to indicate that the values of m LN and s LN remain constant, implying that sand content has a direct influence on grain mobility within a narrow range of f s , which is consistent with the previous results regarding the effect of sand content on the threshold shear stress for sediment entrainment. In this paper we present results that can be practically employed to determine the fractional mobility, which is an important parameter of the partial transport model but conventionally hard to obtain. We also provide results that can be applied to establish the quantitative criteria for distinguishing partial transport from full transport, which may well be useful to river managers in sustaining the riverine environments and natural resources.
[42] In this study we explore the effect of sand content on fractional mobility, thus provide new insights into the process of partial transport. However, some of the model components can be refined in future studies. These include the incorporation of turbulent bursting in the formulation of entrainment probability, modification of the subsurface entrainment correction factor to include the effects of vertical sorting and exchange depth, correction of the hiding factor for the fully mobilized finest size fractions, collection of more data to extend the valid ranges of the proposed rolling velocity and ratio of mean holding time, among others. Some of these tasks are currently undertaken by the authors. In addition, the complexities of natural gravel bed rivers, such as the spatial and temporal variations of bed shear stress, sand content, and thus the bed load transport rate must be incorporated into a routing algorithm applicable to the problems involving grain sorting between the transport and the bed or size-dependent dispersion of sediment through a river system.
Appendix A: Derivation of Limiting Probability
[43] The derivation presented below is for the grains of fraction i, denoted by a subscript. Given P E,i is the instantaneous entrainment probability of a bed load particle, the probability of a transition to the moving state at a singlestep point can be taken as P E,i , and the probability of a transition to the static state at a single-step point is taken to be (1 À P E,i ). In the context of a 'pseudo four-state' continuous-time Markov process, the matrix of instantaneous transition probability can be expressed as P ¼ P mn;i Â Ã ¼ 0 P E;i 1 À P E;i 0 1 À P E;i 0 0 P E;i 1 À P E;i P E;i 0 0 1 À P E;i P E;i 0 0 2 6 6 6 6 6 6 6 6 4 3 7 7 7 7 7 7 7 7 5
where P mn,i = transition probability from state m to n at a single-step point, for m, n = 1,. . ., 4. If the single-step
Since states 1 and 3 are both static, states 2 and 4 are both moving, it is known that v 1,i = v 3,i = 1/T S,i and v 2,i = v 4,i = 1/T M,i . The long-run probability for a bed load particle being in the moving state is obtained by summing up P 2,i and P 4,i , i.e., P M,i = P 2,i + P 4,i , leading to (3). Similarly, the limiting probability in the static state is evaluated by P S,i = P 1,i + P 3,i . It is noted that the form of equation (3) N i number of active grains per unit area. P E,i instantaneous entrainment probability = P R,i + P L,i . P L,i lifting probability. P M,i long-run moving probability. P R,i rolling probability. P mn,i instantaneous transition probability from state m to n. P mn,i (t) transition probability from state m to n within a time interval t. P n,i long-run limiting probability of being in state n at large t. P matrix of instantaneous transition probability. P 1 column vector of limiting probability. P(t) matrix form of P mn,i (t). 
